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ABSTRACT

Multi-index Transportation Problem (MTP) and its variants have originated to model one of the
complex scenarios of transportation problem where cost and/or time of transportation also
depend upon type of transported commodity and/or freight vehicle used in transportation along
with given sources and destinations. In almost last six and half decades, researchers have
extensively studied MTP and its variants from different perspectives, developed many solution
approaches and established its applicability by modeling many problems of engineering and
management as MTP. However, a comprehensive review of the problem domain is surprisingly
absent from the concerned literature, therefore, this paper strives to fill this void by
systematically examining 59 published articles filtered through a well-defined search criterion.
Methodologically, the examined articles are categorized into various classes based on two,
possibly exhaustive but certainly not exclusive, attributes of classification, one is, approach
used to study the problem and, another is, contribution of the study. Classification is presented
in a two-way tabular form that will serve as a guiding map to young researchers who are
intending to study MTP, its variants, and/or applications in engineering and management. This
paper also provides an indication for the future work. It concludes that, since its inception, MTP
has evolved as one of the very important problem domains in logistics research and
metaheuristic approach has contributed most in its study.

Keywords: Multi-index Transportation Problem, Solution Approaches, Applications,
Systematic Review, Logistics Research

programming—the  solid  transportation
problem 1962, Haley, The multi-index
problem 1963). In last few decades,
continuously growing use of technology and

INTRODUCTION

The model of classical transportation
problem has been generalized into MTP to
formulate a scenario of transportation that

intends to minimize the total transportation
cost and/or time of transporting certain
heterogeneous types of commodities from a
fixed number of sources to a definite number
of destinations under some specific constraints
on available supply and raised demand at each
source and destination respectively (Schell
1955, Haley, New methods in mathematical

transportation network in logistics services
have expanded the horizon of its applications
to disaster management (Sarma, et al. 2020,
Sengupta, et al. 2021), production planning
(Afraimovich and Prilutskii 2010), data
transportation (Ramane and Francis 2011) etc.,
and consequently, motivated researchers to
formulate new variants of  existing
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transportation models, propose more efficient
solution techniques and find their applications
to existing and upcoming problems in
management and engineering (Khurana,
Adlakha and Lev, Multi-index constrained
transportation problem with bounds on
availabilities, requirements and commodities
2018, Lev, Oksana and Viacheslav 2017, Ojha,
et al. 2010, Das, Roy and Weber 2020, Wang,
Tizik and Tsurkov, Decomposition Algorithm
for the Linear Three-Index Transportation
Problem 2019, Singh and Singh, Hybrid
particle swarm optimization for pure integer
linear solid transportation problem 2023).

Although, the basic model of MTP was
introduced in 1955 (Schell 1955), the
necessary conditions for the existence of its
feasible solution and first analytical method,
namely extended Modified Distribution
(MODI) method, to solve it were studied,
much later, between years 1962 and 1986
(Haley, The multi-index problem 1963, Haley,
The existence of a solution to the multi-index
problem 1965, Moravek and Vlach 1967,
Smith, A procedure for determining necessary
and sufficient conditions for the existence of a
solution to the multi-index problem 1974,
Smith, Further necessary conditions for the
existence of a solution to the multi-index
problem 1973, Vlach 1986, Haley, New
methods in mathematical programming—the
solid transportation problem 1962). In last two
decades, the growing size and applications of
logistics service industry have initiated many
researchers to develop more computationally
efficient algorithmic solution techniques, by
using various theoretical approaches, to
determine exact or near exact solutions to large
size NP-hard MTPs in reasonable time.

In the concerned literature, five main
theoretical approaches used to study MTP can
be recognised. First approach is the analytical
or classical provable algorithmic approach that
considers MTP as Linear Programming
Problem (LPP) which, later, are extended to
some non-linear variants of MTP as well.
Methods developed with this approach include
Simplex/Revised Simplex Method, Modified
Distribution Method (MODI method), Goal
Programming technique to solve multi-
objective MTP (Haley, New methods in
mathematical programming—the  solid
transportation problem 1962, Khurana and

Adlakha, On multi-index fixed charge bi-
criterion  transportation problem  2015),
moreover, conditions of optimality and
necessary conditions for the existence of
feasible/admissible solution to MTP (Haley,
The multi-index problem 1963, Khurana and
Adlakha, On multi-index fixed charge bi-
criterion transportation problem 2015, Vlach
1986) are also studied with the same approach.
Second main approach is metaheuristic
approach to search near-optimal solution to
NP-hard MTP in computationally reasonable
time in case polynomial time algorithms are
not available due to large size and/or complex
objective and/or constraint functions of the
problem. It includes Evolutionary Algorithms
(genetic  algorithms,  particle  swarm
optimization, etc.), Lagrangian Relaxation,
Electromagnetism-like Algorithm, etc (Akbari,
Molla-Alizadeh-Zavardehi and Niroomand
2020, Sanei, Mahmoodirad and Niroomand, et
al. 2017). Third is the decompositional
approach that decomposes main problem into
problems of lower index (called sub-problems)
which are further solved either sequentially or
in parallel with some efficient method
(analytical or heuristic), hence, sequentially
converge to optimum solution of main problem
(Wang, Tizik and Tsurkov, Decomposition
Algorithm  for the Linear Three-Index
Transportation  Problem 2019, L. G.
Afraimovich 2014). It includes Branch and
Bound method, Dantzig-Wolfe decomposition
algorithm, Benders decomposition technique,
etc. It is important to note that commercial
optimization solvers like IBM ILOG CPLEX
solves MTP and some of its variants by
modelling them as Mixed Integer
Programming Problem (MIPP) and then using
decomposition approach (Kalvelagen 2002).
Fourth less used approach is Neural network
approach that is applied on single as well as
multi-objective MTPs to solve them (lda, Gen
and Li 1996, Li, et al. 1997). Fifth and last
approach transforms some variants of MTP to
the standard model of MTP that can be solved
by applying any one of the solution techniques
described in other four approaches (Khurana,
Adlakha and Lev, Multi-index constrained
transportation problem with bounds on
availabilities, requirements and commodities
2018, Junginger 1993).
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In addition to above mentioned five
approaches, MTP has been studied from the
perspective of theoretical computer science
and polyhedral combinatorics. This approach
considers each solution of MTP as three-
dimensional transportation polytope, that is
equivalent to a three-way statistical table or
contingency table, and hence is inclined to
study various properties like existence,
counting, and computational complexity, etc.
of these polytopes or tables which satisfy some
specified constraints on the sums of numbers
(called marginals) in their cells (De Loera and
Onn 2004, Korsnikov and Burkard 1989,
Benson-Putnins 2014, Barvinok 2017).

Till the date, only two significant review
articles have covered MTP. One of these
articles has presented comprehensive review
on classical transportation problems, its
variants, and all its extensions including MTP
and a few of its variants (Kacher and Singh
2021) and another has covered extensions of
MTP in fuzzy and stochastic environment only
(Singh, Renu and Sarode, A review on fuzzy
and stochastic extensions of the Multi Index
transportation problem 2016). Main limitation
of reference (Kacher and Singh 2021) is that it
tried to cover MTP as an extension of classical
transportation problem which itself has very
wide range of variants, extensions, solution
methods, and applications so it neither
succeeded to cover all important variants,
approaches and applications of MTP nor in
presenting classification of research articles
cited for MTP. On the other hand, reference
(Singh, Renu and Sarode, A review on fuzzy
and stochastic extensions of the Multi Index
transportation problem 2016) has focused on
MTP in fuzzy environment only and hence has
not covered MTP in classical or crisp
environment.

This paper presents an overview of three
major contributions — variants, solution
techniques and applications of MTP, by
thoroughly examining 59 articles published in
various  research  journals, conference
proceedings, and books in last six and half
decades. All examined articles are filtered
through a well-defined search criterion,
categorically sorted based on five important
approaches in studying MTP and presented in
a two-way table. Some important articles are
highlighted for special attention of the readers

and an indication for future work is given.
Paper is structured in total six sections
including introduction. Section 2 covers
methodology used to search, sort, and present
examined articles, section 3 presents brief
background of the topic, section 4 presents
two-way table of classification, section 5
discusses major observations of this brief
survey and at last conclusion is given.

Methodology

Criterion to search and filter articles

To search and select research articles
related to the field, an online research
assistant, named, “Elicit” (Ought 2023) is used
that searches relevant articles even if their
keywords do not match the search string.
“Elicit” allows to search papers with specific
keywords included and excluded in their
abstracts. Search criteria used are detailed in
Error! Reference source not found.to
reproduce the same results as the author has
obtained.

Table 1: Search Criteria using “ELICIT”

Keyword
Main Keywords S
Search included in excluded
String Abstract from
Abstract
Three-index
Evolutionary transportation Fuzzy,
. problem
algorithms — polytopes,
" . Multi-index .
for "multi- : stochastic,
. transportation .
index uncertain,
. problem )
transportatio Solid interval
n problem" . number
transportation
problem
Transportatio
Study_of n poly_tope, Fuzzy,
three-index three-index .
. - stochastic,
transportatio | Transportatio .
uncertain
n polytopes n polytope,
multi-index
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Criterion for classification of
selected articles

Classification of selected articles is based
on two attributes namely theoretical approach
used in it, and its major contributions. After
examining selected articles, it has been
identified that researchers have made three
major contributions to the problem domain of
MTP by wusing five main theoretical
approaches.

Necessary background
Definition of MTP

Multi-index Transportation Problem is an
optimization problem of minimizing the total
cost for  transporting  heterogeneous
commodities from a fixed number of sources
to certain destinations under the constraints
that supplies of each type of commodity at
each source and demands of each type of
goods at every destination are preset.

Mathematical Model of MTP

The parameters and decision variables used
to formulate the standard model MTP are as
under:

Parameters -

—m,n, and p are the number of sources,
destinations, and types of commodities
respectively,

— i, j, and k are the indices for source,
destination, and type of commodity
respectively where 1 <i<m, 1<j<n,
and1 < k <p,

— Cyj IS per unit cost of transporting k" type
of commodity from " source to jt*
destination,

— Ay; is the total amount of k‘* type of
commodity available at i*" source,

— Bj is the total amount of k" type of
commodity transported to jt* destination,

- E;; is the amount of all types of
commodities transported from it" source to
jt" destination.

Decision variable —

— xijx is the amount of k'* type of
commodity transported from i*" source to
jt" destination,

With above defined notations, the
mathematical model of MTP is:

Minimize

m n D

Z Z Z Cijk Xijk (Objective function)

i=1 j=1k=1
Subject to the constraints:

n
zxijk =Ay Vki (Supply Constraints)
j=1

m
le-jk = Bjx Vj,k (Demand Constraints)
i=1

P
Z Xijk = Eij Vi,j (Commodity Constraints)
k=1

Xijk =0 Vi,j,k (Feasibility Constraints)

Where [Agilpxm, [Bjk]nxp’ and [Eij]mxnare
rectangular matrices of non-negative numbers.

Variants of MTP

In literature, MTP has been formulated into
various other mathematical forms to address
spectrum of practical situations shown up
while modeling it. These other models of MTP
are called its variants and a few of these are
fixed charge MTP, fixed charge bi-criteria
MTP, step fixed charge solid transportation
problem, time minimization MTP, non-linear
MTP, multi-index constrained transportation
problem with bounds on availabilities,
requirements and  commodities,  solid
transportation-p-facility location problem, etc.
Mathematically, these models vary from each
other either in the type of objective function,
i.e., linear or non-linear, or in number of
objective functions, i.e., single or multi-
objective, or in types of constraint functions,
i.e., single sum or double sum or bounds on
constraints, etc.

CLASSIFICATION OF REVIEWED
ARTICLES

All the articles selected for analysis have
been divided into different classes using two
attributes which are detailed in next two
subsections.
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Contributions of reviewed articles

Each of the selected articles has been
examined to recognize its contribution in the
following three major categories, and fourth
category is created to cover other
miscellaneous contributions:

C1-Proposed either the standard model or a
new variant of MTP,

C2-Proposed a method or technique to solve
standard MTP or any of its variant,

C3-Proposes an application of standard MTP,
or any of its variant; modeling a problem
of engineering and management as MTP,

C4-Miscellaneous like sensitivity analysis,
necessary conditions for feasible solution
of MTP, etc.

Approaches used in studying MTP

Further, it is recognized that selected
articles have made four different types of
contributions by using five main theoretical
approaches that are as follows:
Al- Analytical or classical

algorithmic approach,
A2- Metaheuristic approach,
A3- Decompositional approach,
A4- Neural network approach,
A5- Approach to transform a particular
variant of MTP into standard MTP or
network flow problem that can be solved
by using any existing solution technique.

provable

Tabular presentation

Two-way classification is presented in
Table2 where five approaches are aligned in
five horizontal rows and four categories of
contributions are assigned to four vertical
columns of it.

DIsSCUSSION

Classification Table2 reveals that selected
articles have contributed 10 new variants, 11
different  solution techniques, and 1
application using approach Al- whereas 7
articles are dedicated study necessary
conditions for feasible solution to MTP. At the
same time, unfolds that 9 distinct variants, 16
solution techniques, 5 applications, and
miscellaneous contributions have been studied

with  approach  A2-.  Similarly, the
classification table reveals major contributions
of selected articles using approaches A3- to
A5-.

CONCLUSION

This paper dedicatedly, not exhaustively,
searched and skimmed maximum possible
research articles using well-defined search
strings and keywords with the help of an Al
based online research assistant and Google
Scholar. All the selected articles are then
examined manually and arranged in a two-way
classification table using two different
attributes. The amount and variety of research
publications dedicated to study of MTP by
using various theoretical approaches has
evolved it as one of the very important
problem domains in logistics research.

The classification table reveals that most of
the contributions in terms of new variants,
solution techniques and applications of MTP
are made by using two approaches of study,
namely analytical and metaheuristic whereas
maximum techniques to solve MTP and its
variants, and to study its applications are
developed using metaheuristic approach. This
points that metaheuristic approach has
emerged as one of the very significant
approaches considered in this paper. However,
the limited scope and study of this paper do not
allow to undermine the contributions of other
approaches. It is important to note that
decomposition approach and the approach of
transforming variants of MTP into standard
MTP or network flow problems always need
either analytical or metaheuristic or neural
network techniques to find the solution of
MTP in hand, hence, in future these
approaches may be considered in simultaneity
to the study of metaheuristic techniques.

In future, this precise review can be
extended to most comprehensively systematic

review of MTP where very precise
contribution of each article can be presented.
TABLE 2. TWO-WAY

CLASSIFICATION
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2017), (Oyewole and

electromagnetism-like algorithm

> Contribution
©
=
8 Cl- C2- C3- C4-
=
References (Haley, The
multi-index problem
1963), (Haley, The
(Haley, New methods existence of a solution to
in mathematical the multi-index problem
programming—the (Haley, New methods in 1965), (Moravek and
solid transportation mathematical programming—the Vlach 1967), (Smith, A
problem 1962), solid transportation problem procedure for
(Haley, The multi- 1962), (Haley, The multi-index determining necessary
index problem 1963), | problem 1963), (Khurana and and sufficient conditions
(Bhatia, Indefinite Adlakha, On multi-index fixed for the existence of a
guadratic solid charge bi-criterion transportation solution to the multi-
transportation problem | problem 2015), (Bhatia, index problem 1974),
1981), (Basu and Indefinite quadratic solid (Smith, Further
Acharya 2002), transportation problem 1981), (Sengupta necessary conditions for
(Bandopdhyaya 1985), | (Basu and Acharya 2002), ot al 9UP: 1 the existence of a
Al (Acharya 2016), (Acharya 2016), (Singh, Chauhan 2021') solution to the multi-
(Singh, Chauhan and and Kuldeep, Time Minimizing index problem 1973),
Kuldeep, Time Multi-Index Bulk Transportation (1 paper) (Vlach 1986),
Minimizing Multi- 2018), (Bhatia, Swarup and Puri, | <~ PP (Matveenko 1986)
Index Bulk Time minimizing solid studies necessary
Transportation 2018), | transportation problem 1976), conditions for the
(Bhatia, Swarup and (Chauhan and Khanna 2021), existence of feasible
Puri, Time minimizing | (Basu, Pal and Kundu 1994), solution to MTP;
solid transportation (Pandian and Anuradha, A new Reference (Pandian and
problem 1976), approach for solving solid Kavitha, Sensitivity
(Chauhan and Khanna | transportation problems 2010) analysis in solid
2021), (Tanwar and transportation problems
Chauhan 2020) (11 papers) 2012) proposed a
technique to find two
(10 papers) types of costs sensitivity
range
(7 papers)
(Sarma, et al. 2020), (Sarma, et al. 2020), (Ramane (Sarma, et Reference (Singh and
(Ojha, et al. 2010) and Francis 2011), (Ojha, et al. al. 2020), sinah. Hvbrid particle
(D{als ’Ro énd We’ber 2010), (Das, Roy and Weber (Ramane swagrn% oytimizgtion for
Oy 2020), (Singh and Singh, Hybrid | and n optimi .
2020), (Khurana and . oY . pure integer linear solid
X particle swarm optimization for Francis .
Adlakha, On multi- : . - transportation problem
index fixed charge bi- | Pure integer linear solid 2000), 1 5023) studiies the
criterion trans o?tation transportation problem 2023), (Das, Roy sensitivity of various set
A2 | e 20155’ (Akbari, Molla-Alizadeh- and Weber | °= aramgter Settinge i
?Akbari Molla,- Zavardehi and Niroomand 2020), | 2020), rop osed hvbrid Pgo
. ' . (Sanei, Mahmoodirad and (Chernov, prop yon
Alizadeh-Zavardehi - using well-defined
. Niroomand, et al. 2017), et al.
and Niroomand 2020), . methodology
. . (Oyewole and Adetunji 2021), 2021),
(Sanei, Mahmoodirad .
and Niroomand, et al (Pasa 2022.)’ (Sane, (Cao (1 paper)
! ' Mahmoodirad and MOLLA, An 2022)
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Adetunji 2021), (Pasa | for fixed charge solid (5 papers)
2022), (Cao 2022) transportation problem 2013),
(Gen, Ida and Li 1994), (Singh
(9 papers) and Singh, Hybrid Particle
Swarm Optimization Algorithm
to Solve Multi-Index Fixed
Charge Transportation Problem
2021), (Skitsko and Voinikov
2020), (Singh, Singh and Singh
2021), (Dimov 2016), (Chernov,
et al. 2021)
(16 papers)
(Lev, Oksana and Viacheslav
2017), (Wang, Tizik and
Tsurkov, Decomposition
(I__ev, Oksana and Algorithm for the Linear Three-
Viacheslav 2017), (L. q . bl
A3- | G. Afraimovich 2014) | Index Transportation Problem
' 2019), (L. G. Afraimovich 2014),
(Wang, Esenkov, et al. 2018),
(2 papers) (Abd Elazeem, et al. 2021)
(5 papers)
(Ida, Gen and Li 1996), (Li, et al.
Ad- | o 1997)
(2 papers)
(Khurana, Adlakha (Afraimovi
hal ch and
and Lev, Multi-index Prilutskii
constrained
. 2010),
transportation problem (Afraimovi
with bounds on ch and
Ab5- | availabilities, Prilutskii
requirements and 2006)
commodities 2018), (Tan eind
(Bandopdhyaya 1985) Wu 2012)
(2 papers) (3 papers)
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